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We have de r ived  an exac t  solut ion fo r  the p r o b l e m  of the t e m p e r a t u r e  f ield in sol ids  cooled  by 
rad ia t ion  in the q u a s i - s t e a d y  r e g i m e  s tage .  Fo r  the init ial  cool ing pe r iod  we p r o p o s e  an ap-  
p r o x i m a t e  method  of de t e rmin ing  the t e m p e r a t u r e  field, and this  me thod  is ba sed  on the p r i n -  
e iple  of s u c c e s s i v e  app rox ima t ions .  To fac i l i t a te  the ca lcu la t ions ,  we have c o n s t r u c t e d  engi-  
nee r ing  n o m o g r a m s .  

In a number of contemporary branches of engineering we encounter the problem of cooling solids by 

means of thermal radiation. Similar heat-transfer conditions are found in metallurgical processes of heat 

treatment, etc. 

The heat flow from the cooled heat-transfer surface is formed in accordance withthe Stefan-Boltzmann 

law 

4 4 - -  ~, (grad T)cir ' = r (Tcir - -  T~). (1) 

If T s u r  >> Tw, boundary  condi t ions  (1) a s s u m e  the f o r m  

~, (grad T)ci r = aaT4cir. (2) 

The  solut ion of p r o b l e m s  re l a t ing  to the s t e a d y - s t a t e  p r o c e s s  of heat  t r a n s f e r  with rad ia t ive  heat  ex-  
change  involves  subs tan t ia l  d i f f icul t ies  a s s o c i a t e d  with the fac t  that  the boundary  condi t ion (1) is non l inear .  
In such ease ,  as  a rule,  we use  c e r t a i n  n u m e r i c a l  methods  of solut ions  that  a r e  poss ib le  by m e a n s  of digital  
[1] or  ana log  c o m p u t e r s  [2]. 

H e r e  we p r o p o s e  a new app roach  to the ana ly t ica l  solut ion of r ad i a t i on -coo l ing  p r o b l e m s .  

The  m a t h e m a t i c a l  f o rm u l a t i on  of this  p r o b l e m  has  the fol lowing fo rm:  

O0(X, Fo) _ X_V 0 I x  ~ O0(X, Fo) ]  (3) 
O Fo OX L ox  J ' 

00 (1 Fo) - -  Sk [04 (I, Fo) 4 ' = __ 0w], (4) 
OX 

00(0, Fo) = 0 ,  0(X, 0 ) = 1 .  (5) 
OX 

H e r e  0 = T/T0;  Sk = ~aT~II~;  T o is  the init ial  t e m p e r a t u r e  of the ma te r i a l ;  X is the r e l a t i ve  coord ina te ;  
is  a coef f ic ien t  which c h a r a c t e r i z e s  the shape  of the body and is n u m e r i c a l l y  equal to 0, 1, and 2 in plane,  

cy l indr i ca l ,  and s p h e r i c a l  coo rd ina t e  s y s t e m s ,  r e s p e c t i v e l y .  Applying the Lap lace  in t eg ra l  t r a n s f o r m  to 
(3)-(5) we find the solut ion of the p r o b l e m  in the images  

0-(X, s) 1 U(l ,  s) ch V ~ X  (6a) 
= T - -  I ' s s h ~ / T s  ' v = 0 ,  

I o ( ] /~-X) (6b) 
~ ( X , s ) = ~ -  U0, s) v % & ( ~ )  ' ~,-1; 

S ! 

] s) X ( l / s -  ch 
U(1, sh~ s X  

i's ~- shl/~-) ' v = 2; 
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g (X, s) = .i 0 (X, Fo) exp (--  s Fo) d Fo; 
0 

U(1, s) = Sk i [ 0 ' ( I '  Fo)- -0~]exp(- -sFo)dFo.  
0 

Having com ple t ed  the t r ans i t i on  f r o m  the image  to the or ig ina l  of the function, we de r ive  the f o r m a l  solut ion 
of the p rob lem,  i . e . ,  

Fo 

t Sk [040, ~l)--04ldT1 + 1 - -  3 X ~ s k [ 0 a ( t  Fo)--9~ 1 -  
6 

0 
Fo 

n = l  0 

*~4~, --~2(F~ " 
--v, ,I  e ~ d~l, v : O ;  

Fo 

2 S k ;  [0r r _ 0~l d q + 1 --42X2 Sk [04 (l'  Fo)-- 
0 

0 (X, Fo) = 1 - -  
Fo 

- -  0~l' e -@e~ dq, v = 1; 
Fo 

3 Sk ~ [0 4 (1 rl) - -  0~1 drl q-- 3 - -  5 X  2 Sk [8 ~ (1, Fo) - -  
' 10 

, J  
0 

sin ~X Fo 

- - 0 ~ l - - S k  2 ~ [04( 1, n ) - -  

n = l  0 

-- 041 ` --b~2n (F~ . e a,1, v = 2. 

(7) 

If fo l lows f r o m  (7) t h a t  the t e m p e r a t u r e  at  any c r o s s  sec t ion  can be found only a f t e r  we have d e t e r -  
mined the s u r f a c e  t e m p e r a t u r e .  Assuming  in (7) X = 1, we find the non l inea r  funct ional  equat ions  for  

(i, Fo), i.e., 
Fo 

Sk ; [0 ~ (1, n) - -  0~] d,~ - -  I_3 Sk [0 ~ (1, Fo) - -  0~] - -  
0 

Fo 

; ~  2 [t34(1 ~l)--04]'e--U2(F~ v : 0 ;  - -  Sk ~ -  , 

Fo 

2Sk ; I04(1, n ) - - 0 ~ l d n - - I S k [ e 4 ( I ,  Fo) - -0 ;1 - -  

0(1,  F o ) = l - -  o 
Fo oo 

! n_~I ~--bt2(F~ . - -  Sk ,,2-~-[0~(1, n)--041'~ ~ arl, v-~ 1; 
: }l'n 

Fo 

aSk [040, n)--0~ldn - - T S k I 0 4 ( 1 ,  Fo)--0~l-- 
0 

- -  Sk ,2~-[04(1, q)--O~l 'e-~<~ v ~ - 2 .  
0 n = . t  ~ n  

It is not diff icult  to d e m o n s t r a t e -  a s  i s  done, fo r  example ,  in [3] - that  the c l a s s i c a l  method  of s u c c e s s i v e  
a p p r o x i m a t i o n s  c o n v e r g e s  in  the  s o l u t i o n  of a n o n l i n e a r  f u n c t i o n a l  e q u a t i o n  of t h e  f o r m  of (8). H o w e v e r ,  in  

(8) 
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T A B L E  1. Roo t s  of Eq.  10 

Sk 
3+v 

o~q 

0,1 0,25 0.5 0,75 1.0 

0 
0,25 
0,50 
0,75 

0,9264 
0,9268 
0,9310 
0,9503 

0,8623 
0,8628 
0,8710 
0,9087 

0,7978 
0,7985 
0,8138 
0,8708 

0,7559 
0,7570 
0,7755 
0,8486 

0,7345 
0,7260 
0,7489 
0,8334 

T A B L E  2. Va lues  of the  F u n c t i o n  ~ i (  0, Sk/3 +u) 

Sk 

o 

0,1 0,25 0.5 0,75 1,0 

0.1 
0,2 
0,3 
0,4 
0,5 
0,6 
0,7 
0.8 
0,9 
0,95 
0,99 

334,25 
42,3043 
12,8276 
5,5745 
2,9439 
1,7483 
1,1145 
0,7403 
O,4994 
0,4093 
0,3445 

335,64 
43,261 
13,550 
6,1243 
3,3598 
2,0563 
1,3286 
0,8742 
0,5626 
0,4401 
0,3505 

337,94 
44,855 
14,7539 
7,0406 
4,0530 
2,5697 
1,6854 
1,0974 
0,6680 
0,4914 
0,3604 

340,241 
46,4496 
15,9579 
7,9569 
4,7461 
3,0829 
2,0421 
1,3206 
0,7734 
0,5427 
0,3703 

342,543 
48,044 
17,1619 
8,8732 
5,4393 
3,5963 
2.3989 
1,5438 
0,8788 
0,59406 
0,3803 

T A B L E  3. R e s u l t s  f r o m  the  C a l c u l a t i o n  of the  T i m e  and T e m p e r a -  
t u r e  fo r  an Unbounded P l a t e  

0 (I, Fo) 

0,7 
0,6 
0,5 
0,4 
0,3 
0,2 
0,1 

Fo 0 (0, Fo) 

after [12] 

0.3912 
0,9807 
1,9696 
3,9696 
9,1035 

29,17 
224,56 

!digital computer 
data 

0,38 
0,98 
2,0 
4,07 
9,1 

29 
224 

Fo 

0,3 
0,5 
1 
2 
5 

l0 
50 

after [11] 

0,90475 
0,8148 
0,6774 
0,5169 
0,3903 
0,2975 
0,1656 

digital computer 
data 

0,901 
0,813 
0,675 
0,517 
O, 389 
0,301 
O, 166 

o r d e r  to d e r i v e  t h e o r e t i c a l  r e l a t i o n s h i p s  m o r e  c onve n i e n t  f r o m  the  p r a c t i c a l  s tandpoin t ,  wi th in  whose  s t r u c -  
t u r e  we f ind  no s u m s  of i n f in i t e  s e r i e s ,  the  so lu t i on  of the  f o r m u l a t e d  p r o b l e m  i s  a c h i e v e d  s e p a r a t e l y  fo r  
l a r g e  and s m a l l  v a l u e s  of the  Fo  n u m b e r .  

1. T h e  Q u a s i - S t u d y .  We know [4] tha t  on e l a p s e  of a c e r t a i n  p e r i o d  of t i m e  Fo  > F o  I the  body a t  w h o s e  
s u r f a c e  the  h e a t  f low i s  v a r i a b l e  e n t e r s  the  s t a g e  of an  o r d e r e d  r e g i m e .  F r o m  the  p h y s i c a l  s t andpo in t  t h i s  
s u g g e s t s  the  s e l f - s i m i l a r i t y  of the  p r o c e s s ,  and  t h i s  i s  e x p r e s s e d  in tha t  the  d i s t r i b u t i o n  of the  t e m p e r a t u r e  
t h r o u g h  the  c r o s s  s e c t i o n  wi th  the  p a s s a g e  of t i m e  i s  i d e n t i c a l  in n a t u r e .  F r o m  the  m a t h e m a t i c a l  s t andpo in t  
t h i s  i n d i c a t e s  tha t  t he  l a s t  s e r i e s  in (7) and  in (8) b e c o m e s  r e l a t i v e l y  s m a l l  in  c o m p a r i s o n  wi th  the r e m a i n i n g  
t e r m s ,  so  tha t  wi thout  i n t r o d u c t i o n  of s o m e  s u b s t a n t i a l  e r r o r  i t  i s  p o s s i b l e  to  n e g l e c t  the  e n t i r e  s e r i e s .  Wi th  
c o n s i d e r a t i o n  of t h i s  c i r c u m s t a n c e ,  we can  d e r i v e  the  fo l lowing  c l o s e d  so lu t i on  fo r  the  i n t e g r a l  equat ion  (8): 

S k ( v + I ) F o =  [ , ~ l a  l n [ O w + O ( l ' F ~  
[ 40 w Ow--O(1, Fo) 

I o (1, Fo) Sk ln/O,~-- O' (1, Fo) J ] + ~ arctg 
20w 0 w 3 + v 

- -  --~-w[ l In ~ + ~ O w + O * l  l arctg 0,0 w 3+vSk l n l 0 4 _ O ~ , ]  
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where  0. is found f rom the formula  

~ / /  3 + v  
0 . -  Vr2-~ + Sk y . 

2 ~ 2 '  

Sk 3 
g = [-4sk-] + \ 4Sk ] + " - (I0) 

+ \ 4Sk / - - v  + \ 4 S k  ] 

Now that we know the t e m p e r a t u r e  at the su r face  of the body, on the bas i s  of (7) we can calcula te  the t e m -  
p e r a t u r e  at any point on the body f r o m  the fo rmula  

Sk 0 (X, Fo) = 0 (I, Fo) + ~ [0' (1, Fo) - -  O~.l (1 - -  X~). (11) 

When 0 w = 0 (boundary condition (2)) Eq. 9 a s s u m e s  the f o r m  

[ 1  Sk In0, (1, Fo) ] _ ( + 0 ~ 3  _ _ _  S k ( v +  1)Fo= 0-3(1, Fo ) - -3  + v 

while 0, is found f r o m  (10) when 04w = 0. 

3 + v  

We note that the p r o b l e m  of de te rmin ing  the instant  at which a specif ied su r face  t e m p e r a t u r e  is at tained 
involves no pa r t i cu l a r  difficult ies,  s ince the Fo number  is not r e la ted  by a functional re la t ionship .  To fac i l i -  
ta te  the execution of the calcula t ions  a s soc ia t ed  with the de terminat ion  of the t e m p e r a t u r e  O (1, Fo), Tables  
1 and 2 give the values  of the function ~(0,  Sk/3+u) and of O., r e spec t ive ly .  Table  3 shows the resu l t s  f rom 
the calculat ion of the t ime  and the t e m p e r a t u r e  f ield at the su r face  and at the cen te r  of a f lat  body (u = 0) and 
the re  is a compar i son  with the data f r o m  the numer i ca l  in tegrat ion c a r r i e d  out on the M-20 compute r  for  the 
c a s e S k = l . 5 ,  O w = 0 .  

Compar i son  of the calculat ion r e su l t s  conf i rms  one m o r e  t ime  that the der ived solutions (9) and (11) 
a r e  analyt ica l ly  exact  for  the quas i - s t eady  s ta te .  

2. Initial  Per iod .  We will demons t r a t e  the method of solution on the example  of the cooling of an un- 
bounded pla te .  Expanding 1 / s h ~  in (6a) in a power  s e r i e s ,  l imit ing ourse lves  to the f i r s t  m e m b e r  of the 
expansion, and re turn ing  to the or iginals  of the function, and using the Bore l  theorem,  we can der ive  the 
following f o r m a l  solution: 

Fo _ (l-x}~ Fo (~+x)~ 

0(x ,  Fo) Sk Fo- ) 0:, e = - -  - -  ;__ d n - . S k  [0'(1, Fo - -q )  d n. (13) 

0 0 

Assuming in (13) that X = I, we find that the surface temperature satisfies the nonlinear integral Volterra 
equation of the second kind 

Fo Fo 

0(1, Fo)=  i - - S k  [04(1, F o _ n ) _ O ~  1 dn Sk [04(I, Fo - -  n) - -  O~l ,-~-dn, 
0 0 

Let us evaluate  the las t  in tegra l  in (14) 

for  77 E (0, Fo). Then 

m a x  [8 4 ('q) - -  e~l = f (~1) -<2-- M 

Fo Fo 

I/-~Sk eS[0'(l 'F~ ~ e-I/n'q-l/2d~l = M V_ ~ 

where  e r f  1/~Fo is the e r r o r  in tegra l .  

2(for, I ) ]  
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o,8 

q~ 
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q2 

~ ~o=500----" 

~a 

q8 
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- ~ _ ~ ~  
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,I o~ 

SK 3 / 0,5 0 Q5 Ow 

Fig .  1. N o m o g r a m  for  the  ca lcu la t ion  of the r e l a t i ve  
t e m p e r a t u r e  at  the su r f ace  (a) and at the cen t e r  {b) of 
an unbounded plate,  at the s u r f a c e  (e) and at the axis  (d): 
(continued on next page)  of an infinite cy l i nde r .  
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Fig. 1. 
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(Continued) 

Thus, for small values of Fo this integral is extremely insignificant and in an approximate solution it 

can be neglected without introducing significant error. Indeed, when Fo = 0.25 the quantity in the brackets 
is equal to 0.0009, while when Fo = 0.35 it is 0.0045. 

Bearing in mind that the kernel of the integral equation is not unique, to find the solution of that equa.- 

tion we can employ the classical method of successive approximations. As the zeroth approximation it is 

advisable to choose the free term in (14). Having substituted the derived law governing the variation of sur- 

face temperature into (13) and having performed the simple integration, we can write the final expression 

with respect to the calculation of the temperature field for as high an order of approximation as one pleases , 

The numerical calculations show that in all cases a reasonable eror is guaranteed, as a rule, if we 

restrict ourselves to the second-third approximation. Carrying out analogous mathematical calculations, 

we can derive a solution by the above method for the problem of radiation cooling of an unbounded cylinder 
or sphere. 

There is some teeb41ical interest in using the proposed solution methods to develop engineering nomo- 

grams which would make it possible to speed up the calculation of the temperature field in a radiation-cool- 

ing regime. The figures show such nomograms for the calculation of the temperature; these calculations 

are, respectively, for the temperature at the surface and at the center of an unbounded plate and cylinder. 
It must be stressed that the proposed nomograms encompass a rather broad range of regime parameters and 
are more universal, unlike the calculation graphs given in [i, 2]. 

We note that this method of solving nonlinear heat-conduction problems is applicable even when the 
body contains an internal heat source of constant power. 

i. 

2, 

3. 
4. 
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